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Abstract
A simple three-flavor neutrino-oscillation model is discussed which has both nonzero mass differ-
ences and timelike Fermi-point splittings, together with a combined bi-maximal and trimaximal
mixing pattern. One possible consequence would be new effects in νµ → νe oscillations, charac-
terized by an energy-dependent effective mixing angle Θ13. Future experiments such as T2K and
NOνA, and perhaps even the current MINOS experiment, could look for these effects.
PACS numbers: 14.60.St, 11.30.Cp, 73.43.Nq
Keywords: Non-standard-model neutrinos, Lorentz noninvariance, Quantum phase transition
∗Electronic address: frans.klinkhamer@physik.uni-karlsruhe.de
1
I. INTRODUCTION
The standard explanation of neutrino oscillations relies on mass differences [1, 2, 3] and
two recent reviews can be found in Refs. [4, 5]. There have, of course, been many suggestions
for alternative mechanisms; see, e.g., Refs. [6, 7, 8, 9, 10, 11] and references therein. One
possibility motivated by condensed-matter physics would be Fermi-point splitting of the
Standard Model fermions due to a new type of quantum phase transition [12, 13].
The phenomenology of a “radical” neutrino-oscillation model with strictly zero mass
differences and nonzero Fermi-point splittings has been discussed in Refs. [14, 15]. A less
extreme possibility would be a type of “stealth scenario” with Fermi-point-splitting effects
hiding behind mass-difference effects [15]. The present article aims to give an exploratory
discussion of this last possibility.
Specifically, we consider the case with both mass-square differences ∆m2 and time-
like Fermi-point splittings ∆b0. (Timelike Fermi-point splittings preserve spatial isotropy,
whereas spacelike splittings give anisotropic neutrino oscillations [14].) There are then two
methods to determine the presence of these ∆b0 terms. The first method is to use sufficiently
high neutrino energies Eν so that the mass-difference effects drop out, |∆m2/(2Eν)| ≪ |∆b0|
for generic mixing angles. The second method is to look at a particular process which is
expected to be small for standard mass-difference neutrino oscillations.
An example of the second method is provided by the standard appearance probability
P (νµ → νe) ∝ sin2(2θ13), for small values of the mixing angle θ13 and not too large travel
distance L. If there are relatively weak Fermi-point splittings in addition to the mass
differences, one has a similar expression for P (νµ → νe) but with the “bare” mixing angle
θ13 replaced by an effective mixing angle Θ13, which is now a function of the basic parameters.
Phenomenologically, the most interesting consequence would be that Θ13 becomes energy
dependent. The resulting νe energy spectrum near the first oscillation maximum will be
discussed in detail for a simple three-flavor model. Let us remark that, quite generally,
the goal of the present article is to point out a possible energy dependence of all neutrino-
oscillation parameters and the simple three-flavor model is used as an explicit example.
The outline of this article is as follows. Section II gives the basic mechanism for the
case of two neutrino flavors. Section III incorporates these results in a simple three-flavor
model with a single dimensionless parameter to describe the relative strength of Fermi-point-
splitting and mass-difference effects. Section IV addresses certain phenomenological issues
and gives possible signatures for planned or proposed superbeam experiments (e.g., T2K or
NOνA). In addition, further model results are given which may be relevant to the current
MINOS experiment. Section V contains concluding remarks.
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II. TWO-FLAVOR MODEL
The starting point of our discussion is the following generalized neutrino dispersion rela-
tion [13]:
Eν(~p ) =
√
(cν p+ b0ν)2 +m2ν c
4
ν ∼ cν p+ b0ν +m2ν c3ν/(2 p) , (2.1)
for large enough neutrino momentum p ≡ |~p | and with a maximum neutrino velocity cν ,
a timelike Fermi-point-splitting parameter b0ν , and a mass parameter mν . Now, consider
two-flavor vacuum neutrino oscillations from both mass differences and timelike Fermi-point
splittings [14, 15]. The relevant energy differences are then obtained from the eigenvalues of
the 2× 2 Hermitian matrix [8]
cν pA+B0 +M
2 c3ν/(2 p) , (2.2)
with p ≡ |~p | and 2× 2 Hermitian matrices A, B0, and M2. In our case, we have A equal to
the identity matrix, A = 1 , and the maximum neutrino velocity cν equal to the velocity of
light in vacuo, cν = c. Natural units with ~ = c = 1 will be used in the following.
For two neutrino flavors (denoted f and g) and large enough beam energy Eν , the survival
and appearance probabilities over a travel distance L are given by
P (νf → νf ) = 1− P (νf → νg) , (2.3a)
P (νf → νg) ∼ sin2 (2Θ) sin2 (∆E L/2) , (2.3b)
with ∆E ≥ 0 and Θ ∈ [ 0, π/2 ] defined by [8]
∆E sin 2Θ = |∆m2/(2Eν) sin 2θ + exp(ı 2 γ) ∆b sin 2χ | , (2.4a)
∆E cos 2Θ = ∆m2/(2Eν) cos 2θ +∆b cos 2χ . (2.4b)
Here, ∆m2 ≡ m22 − m21 is the difference of the eigenvalues of the matrix M2 and θ is the
related mixing angle. In the same way, ∆b ≡ b(2)0 − b(1)0 and χ come from the matrix B0. In
addition, there is one relative phase, γ.
Equations (2.4ab) make clear that, provided ∆m2 and ∆b are nonzero, the effective
mixing angle Θ interpolates between a value close to χ for relatively high beam energy Eν
and a value close to θ for relatively low beam energy Eν [but still large enough for Eq. (2.2)
to apply, see also Sec. IVA]. In order to be more explicit, we restrict ourselves to the two
“extreme” values for the mixing angles θ and χ, namely, the values 0 and π/4. We, again,
assume that both ∆m2 and ∆b are nonzero. Three of the four possible cases then lead to
neutrino oscillations:
case 1 : θ = 0 and χ = π/4 ,
case 2 : θ = π/4 and χ = π/4 ,
case 3 : θ = π/4 and χ = 0 .
(2.5)
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Since the results for case 3 follow simply from those for case 1, we only need to give the
results for cases 1 and 2 (denoted by a single and a double prime, respectively).
Case 1 has appearance probability
P ′(νf → νg) ∼ sin2 (2Θ′) sin2 (∆E ′ L/2 ) , (2.6a)
∆E ′ =
√
(∆b)2 + (∆m2/(2Eν))2 , (2.6b)
2Θ′ = arctan
( |∆b|
∆m2/(2Eν)
)
, (2.6c)
with the dependence on phase γ dropping out altogether. Observe that the effective mixing
angle Θ′ is energy dependent, rising from a value 0 at Eν ∼ 0 to a value π/4 for Eν →∞.
Case 2 has survival probability
P ′′(νf → νf) ∼ 1− sin2
( ∣∣ exp(ı 2 γ) ∆b+∆m2/(2Eν) ∣∣ L/2 ) , (2.7)
with a constant mixing angle Θ′′ = π/4. Observe that the probabilities are γ dependent. In
fact, neutrino oscillations at energies Eν = |∆m2/(2∆b)| are entirely suppressed for γ = π/2
or 0, depending on the relative sign of ∆b and ∆m2.
Case 3 has a survival probability P ′′′ and effective mixing angle Θ′′′ given by (2.6abc)
with ∆b and ∆m2/(2Eν) interchanged. This implies that Θ
′′′ has a value π/4 at Eν ∼ 0 and
vanishes for Eν →∞.
With the heuristics of the two-flavor case established, we turn to the more complicated
three-flavor case in the next section.
III. THREE-FLAVOR MODEL
For three neutrino flavors, the diagonalization of the energy matrix (2.2), now in terms
of 3 × 3 Hermitian matrices A = 1 , B0, and M2, gives many more mixing angles and
phases than for the two-flavor case. Using Iwasawa decompositions of the relevant SU(3)
matrices, one has the following parameters: {θ21, θ32, θ13, δ} for an SU(3) matrix X from
M2, {χ21, χ32, χ13, ǫ} for an SU(3) matrix Y from B0, and {α, β} for a diagonal phase-factor
matrix P generated by the Cartan subalgebra.
Specifically, the matrices P and N = X, Y are defined as follows:
P ≡ diag ( eıβ , e−ı(α+β) , eıα ) ≡
 eıβ 0 00 e−ı(α+β) 0
0 0 eıα
 , (3.1a)
N ≡
 1 0 00 c32 s32
0 −s32 c32
 ·
 c13 0 +s13 e+iω0 1 0
−s13 e−iω 0 c13
 ·
 c21 s21 0−s21 c21 0
0 0 1
 , (3.1b)
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with {sij, cij, ω} equal to {sin θij , cos θij , δ} for the matrix N = X and to {sinχij , cosχij , ǫ}
for the matrix N = Y . The relevant terms of the Hamiltonian in the flavor basis are then
Dp +XDmX
−1 + P Y Db0 Y
−1 P−1 , (3.2)
with diagonal matrices
Dp ≡ diag ( p , p , p ) , Dm ≡ diag
(
m21
2p
,
m22
2p
,
m23
2p
)
, Db0 ≡ diag
(
b
(1)
0 , b
(2)
0 , b
(3)
0
)
,
(3.3)
for p ≡ |~p | and cν = c = 1. For later use, we already define the differences ∆m2ij ≡ m2i −m2j
and ∆b
(ij)
0 ≡ b(i)0 − b(j)0 .
The structure of the vacuum neutrino-oscillation probabilities is the same as for the
standard case (Db0 = 0); see, e.g., Eqs. (7)–(10) of Ref. [4]. These probabilities are given
in terms of six parameters ∆E21, ∆E31, Θ21, Θ32, Θ13, and ∆, which are now complicated
functions of the fourteen original parameters ∆m221/(2p), ∆m
2
31/(2p), ∆b
(21)
0 , ∆b
(31)
0 , θ21, θ32,
θ13, δ, χ21, χ32, χ13, ǫ, α, and β.
In order to illustrate the basic idea and to use the two-flavor results of the previous section,
we consider a specific model with the following mass-term differences and bi-maximal mixing
angles:
∆m221/(2p) = 0 , ∆m
2
31/(2p) ≡ ∆µ > 0 , (3.4a)
θ13 = 0 , θ21 = θ32 = π/4 , (3.4b)
a similar pattern of timelike Fermi-point splittings and trimaximal mixing angles:
∆b
(21)
0 = 0 , ∆b
(31)
0 ≡ ∆b0 > 0 , (3.5a)
χ13 = χ21 = χ32 = π/4 , (3.5b)
and vanishing phases:
δ = ǫ = α = β = 0 . (3.6)
The values (3.4ab) are more or less standard with |∆m231| ≈ 2.5× 10−3 eV2; cf. Refs. [4, 5].
The actual values of θ21 and χ21 are, in fact, irrelevant for the case ∆m
2
21 = ∆b
(21)
0 = 0. As
it stands, the simple model depends on only one positive dimensionless parameter, ∆b0/∆µ.
Explicit expressions for the energy eigenvalues En of the corresponding matrix (3.2) are
readily obtained and give the following differences:
∆E21 ≡ E2 − E1 = 12
(
∆µ+∆b0 −
√
∆µ2 +∆b20
)
, (3.7a)
∆E31 ≡ E3 − E1 = 12
(
∆µ+∆b0 +
√
∆µ2 +∆b20
)
. (3.7b)
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The most important result for us is that |∆E21/∆E31| <∼ 10% for ∆b0 <∼ 0.2∆µ. In the
following discussion, we assume 0 < ∆b0 ≪ ∆µ, which allows us to use simplified expressions
for the oscillation probabilities; cf. Refs. [4, 5]. (Note that the approximation ∆b0 ≫ ∆µ > 0
would be equally simple.)
In the context of three-flavor neutrino oscillations, case 1 of Eq. (2.5) with θ = 0 may be
relevant to the θ13 mixing angle, which is known to be rather small from the CHOOZ [16]
and Palo Verde [17] experiments. For three-flavor parameters (3.4)–(3.6), large enough beam
energy Eν , and not too large travel distance (L∆b0 ≪ L∆µ <∼ 1), the νµ → νe appearance
probability is essentially given by Eq. (2.6) and reads
Pµe ≡ P (νµ → νe) ∼ 12 sin2 (2Θ13) sin2 (∆E31 L/2 ) + O
(
(∆b0 L)
2) , (3.8a)
2Θ13 ∼ arctan
(
∆b0
∆µ
)
+O
(
(∆b0/∆µ)
2) , (3.8b)
with ∆E31 given by expression (3.7b). Analytically, the omitted terms in Eq. (3.8a) would
be negligible if the “bare” mixing angle θ13 were small but finite. But, for the simple model
considered with θ13 = 0 exactly, the omitted terms could, in principle, be important and
only a comparison with the full numerical result can be conclusive (see Sec. IVB).
Case 2 of Eq. (2.5) with θ = π/4, on the other hand, may be relevant to the θ32 mixing
angle, which is known to be nearly maximal from the SK results [18, 19]. For three-flavor
parameters (3.4)–(3.6), large enough beam energy Eν , and not too large travel distance L,
the µ–type survival probability is essentially given by Eq. (2.7) and reads
Pµµ ≡ P (νµ → νµ) ∼ 1− sin2 (∆E31 L/2 ) + O
(
∆b0∆µL
2
)
, (3.9)
again with ∆E31 given by expression (3.7b). Typically, one expects O (∆b0/∆µ) corrections
to the probabilities. There could also be interesting effects for an extended version of the
model with nonzero phases α and β, as mentioned a few lines below Eq. (2.7). But, these
issues will not be pursued further here.
IV. PHENOMENOLOGY
A. Preliminaries
In order to connect with future experiments which aim to determine or constrain the
standard energy-independent mixing angle θ13, consider the appearance probability (3.8)
from the simple model (3.1)–(3.6). For relatively weak Fermi-point splitting, 0 < ∆b0 ≡
∆b
(31)
0 ≪ ∆µ ≡ ∆m231/(2p), the effective mixing angle Θ13 then has a linear dependence on
the neutrino beam energy Eν ∼ p ≡ |~p | and is given by
Θ13 ∼ Eν
∆m231
∆b
(31)
0 +O
(
(∆b0/∆µ)
2) , (4.1)
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since the argument of the arctangent function in Eq. (3.8b) is positive. If experiment can now
establish an upper bound ∆Θ13 on the variation of Θ13(E) over an energy range ∆Eν range,
one obtains an upper bound on ∆b0. From Eq. (4.1), one has
|∆b(31)0 | <∼ |∆m231 ∆Θ13/∆Eν range|
≈ 6× 10−13 eV
( |∆m231|
2.5× 10−3 eV2
) (
sin2(2∆Θ13)
0.05
)1/2 (
0.5 GeV
|∆Eν range|
)
, (4.2)
with more or less realistic values inserted for the planned T2K experiment [20] (for the
proposed NOνA experiment [21], the energy range could be four times larger, giving a four
times smaller upper bound for the Fermi-point splitting).
A next-generation superbeam [22, 23] or neutrino factory [24, 25] could perhaps reach
a 102 times better sensitivity than shown in Eq. (4.2), assuming sin2(2∆Θ13) ≈ 0.002 and
∆Eν range ≈ 10 GeV. New reactor experiments [26], however, would operate at lower ener-
gies and would have less sensitivity by a factor of 102, assuming sin2(2∆Θ13) ≈ 0.05 and
∆Eν range ≈ 5 MeV. As mentioned before, the neutrino energy Eν must still be large enough
for Eqs. (2.1),(2.2), and (3.2) to apply, which we take to mean Eν ≫ 1 keV, based on the
absolute bound |b(e)0 | ≤ 1 keV reported in Ref. [27], the conservative differential bounds
|∆b(ij)0 | ≤ 10−11 eV from Refs. [14, 15], and the absolute bound
∑
imi ≤ 102 eV from
cosmology [4, 5].
Since there could be Fermi-point-splitting effects hiding in the existing neutrino oscilla-
tion data with |∆b0| of the order of 10−12 eV [14, 15], superbeam experiments [20, 21, 22, 23]
look the most promising in the near future, as neutrino factories may very well remain in
the R&D phase for at least 10 years. In Sec. IVB, we, therefore, expand on the appearance
probability P (νµ → νe) at forthcoming off-axis superbeam experiments which can be ex-
pected to have relatively good control of the backgrounds. In Sec. IVC, we also discuss this
appearance probability for the on-axis MINOS experiment which can have relatively high
neutrino energies.
B. Model results near the first oscillation maximum
In this subsection, we consider the appearance probability Pµe ≡ P (νµ → νe) from the
simple model (3.1)–(3.6) with both mass-square differences and timelike Fermi-point split-
tings. Experimentally, there are two important parameters to determine from the measured
values of the quantity Pµe = Pµe(L,Eν), namely ∆m
2
31 and ∆b
(31)
0 , where |∆b(31)0 | is assumed
to be less than |∆m231|/(2Eν) for typical energies Eν . Perhaps the simplest way to determine
or constrain |∆b(31)0 | would be to place the far detector close to the first oscillation maximum
corresponding to the average energy Eν . The near detector close to the source determines
the initial νµ flux. The idea is then to measure the νe energy spectrum in the far detector
and to compare with the standard predictions.
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The shape of Pµe vs. Eν for our combined mass-difference and Fermi-point-splitting
(MD+FPS) model is, indeed, different from the one of the standard mass-difference (MD)
model. Defining
L ≡ π 2Eν|∆m231|
≈ 295 km
(
Eν
0.5948 GeV
) (
2.5× 10−3 eV2
|∆m231|
)
, (4.3a)
Θ13 ≡ Eν |∆b
(31)
0 |
|∆m231|
≈ 0.0952
(
Eν
0.5948 GeV
)( |∆b(31)0 |
4× 10−13 eV
)(
2.5× 10−3 eV2
|∆m231|
)
, (4.3b)
l ≡ L/L , (4.3c)
x ≡ Eν/Eν , (4.3d)
the approximate model probability (3.8) becomes
P MD+FPSµe (l, x) ∼ 12 sin2(2Θ13) sin2
(
π
4
[
x−1 + 2Θ13 +
√
x−2 +
(
2Θ13
)2 ]
l
)
, (4.4a)
2Θ13 ∼ arctan(2Θ13 x) . (4.4b)
For comparison, the standard mass-difference result for m21 = m
2
2 6= m23 and θ32 = π/4 is
given by [1, 2, 3, 4, 5]
P MDµe (l, x) =
1
2
sin2(2θ13) sin
2
( π
2 x
l
)
, (4.5)
with constant mixing angle θ13.
Figure 1 compares the shape of the model probability (4.4) to the standard result (4.5),
both evaluated at l ≡ L/L = 1. The approximate model probabilities from Eq. (4.4) [thin
broken curves in Fig. 1] are quite reliable for x ≈ 1 but overshoot by some 40% for larger
values of x, as follows by comparison to the full numerical results [thin solid curves in
Fig. 1] which monotonically approach a constant value as x → ∞. Note, however, that
this asymptotic value P = 1
2
sin2(πΘ13) =
1
2
sin2(∆b0 L/2) is correctly reproduced by the
approximation (4.4a) for l = 1 and 1/x = 0. The analytic expression (4.4a) can, therefore,
be used to get rough estimates. (For corresponding probabilities in another model, see Fig. 8
in Ref. [15].)
The νe energy spectrum at L = L depends on the initial νµ spectrum at L = 0, assuming
negligible contamination by νe’s. (Note that, for a real experiment, backgrounds are better
controlled in the off-axis configuration than in the on-axis configuration [20, 21].) As an
example, we take for this initial νµ spectrum the following function [cf. upper heavy solid
curve in Fig. 2 ]:
fµ(x)|L=0 =
 sin
2(x π/2) , for x ∈ [0, 1) ,
exp [−(x− 1)2 ] , for x ∈ [1,∞) ,
(4.6)
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FIG. 1: Fixed-distance probabilities P (νµ → νe) at l ≡ L/L = 1 vs. dimensionless energy x ≡
Eν/Eν for the simple model (3.1)–(3.6) with both mass differences and Fermi-point splittings [thin
broken and solid curves] and for the standard mass-difference model without Fermi-point splittings
[heavy solid curve with maxima P = 0.025 at x ≤ 1, the plot being suppressed for x ≤ 0.175 ].
The thin broken curves and the heavy solid curve are given by the analytic expressions (4.4) and
(4.5), respectively, with parameters sin2(2Θ13) = 0.01, 0.02, 0.04, and sin
2(2θ13) = 0.05. The thin
broken curves are only approximate for xΘ13 = O(1) and the corresponding thin solid curves give
the full numerical results.
in terms of the dimensionless energy x from Eq. (4.3d) and with an arbitrary normalization.
The νe spectrum at L = L (or l = 1) is then given by
fe(x)|L=L = fµ(x)|L=0 Pµe(1, x) . (4.7)
Figure 2 shows the resulting νe energy spectra: the lower heavy solid curve corresponds
to the probability (4.5) of the standard mass-difference model and the thin solid (broken)
curves correspond to the numerical (approximate) probabilities of the simple model with
both mass differences and Fermi-point splittings, the approximate probability being given
by Eq. (4.4a).
The reader is invited to compare the solid curves of Fig. 2 with Figs. 6b and 13a of
Ref. [20] for T2K, which give the initial νµ spectrum and the expected νe signal for mass-
difference oscillations with sin2(2θ13) = 0.1 (i.e., twice the value used in our figures). T2K
would appear to be able to measure the oscillation probability (4.4) for sin2(2Θ13) = 0.04,
which corresponds to |∆b(31)0 | ≈ 4 × 10−13 eV, according to Eq. (4.3b) for Eν = 0.6 GeV
and ∆m231 = 2.5 × 10−3 eV2. The proposed NOνA experiment [21] would be sensitive to
approximately four times smaller values of the Fermi-point splitting, |∆b(31)0 | ≈ 10−13 eV,
because of the approximately four times higher energy, even though L ≈ 810 km is a bit
short of L ≈ 1200 km. (For a generalized model with θ13 = 0 exactly and χ13 arbitrary,
similar sensitivities hold for the quantity |∆b(31)0 sin 2χ13| .)
The sensitivity is one issue but the ability to choose between different models is another.
In fact, it would not be easy to distinguish between the standard mass-difference model with
9
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FIG. 2: Electron–type neutrino energy spectra fe(x) at l ≡ L/L = 1 from an initial muon–type
spectrum (4.6) at l = 0 and probabilities P (νµ → νe) of Fig. 1. The initial νµ spectrum multiplied
by a constant factor 0.025 is shown as the upper heavy solid curve. The νe spectra at l = 1 are
shown as the lower heavy solid curve for the standard mass-difference model (sin2 2θ13 = 0.05) and
as the thin broken and solid curves for the simple model with both mass differences (θ13 = 0) and
Fermi-point splittings (see Fig. 1 for further details).
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FIG. 3: Same as Fig. 2, but now for initial muon-type neutrino energy spectrum (4.8).
sin2 2θ13 = 0.05 [lower heavy solid curve of Fig. 2 ] and the combined mass-difference and
Fermi-point-splitting model with θ13 = 0 and sin
2(2Θ13) = 0.04 [upper thin solid curve of
Fig. 2 ]. Possible signatures of the simple model (3.1)–(3.6) for the νe energy spectrum at
L = L would be a shift of the initial x = 1 peak to x ≈ 1.4, practically zero activity for
x <∼ 0.5, and an enhanced signal for x >∼ 2.
Expanding on this last point, it is clear that an initial energy spectrum with a pronounced
high-energy tail would be advantageous. As an example, we take the following function [cf.
upper heavy solid curve in Fig. 3 ]:
f˜µ(x)
∣∣∣
L=0
=
 sin
2(x π/2) , for x ∈ [0, 1) ,
1/ [1 + (x− 1)2 ] , for x ∈ [1,∞) ,
(4.8)
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which has an area larger than the one from Eq. (4.6) by a factor (1 + π)/(1 +
√
π) ≈ 1.5.
Figure 3 shows the resulting νe energy spectra from Eq. (4.7) with fµ(x) replaced by f˜µ(x).
In this case, the new-physics signal at x ≈ 2 would be quite strong, being approximately
three times larger for the combined mass-difference and Fermi-point-splitting model with
θ13 = 0 and sin
2(2Θ13) = 0.04 [upper thin solid curve of Fig. 3 ] than for the standard
mass-difference model with sin2(2θ13) = 0.05 [lower heavy solid curve of Fig. 3 ].
In order to distinguish Fermi-point-splitting effects from mass-difference effects, it is
clearly preferable to use a (pure) µ–type neutrino beam with a broad energy spectrum and
high average energy. For this reason, we take a closer look at the potential of the current
MINOS experiment in the next subsection.
C. Model results short of the first oscillation maximum
In this subsection, we give model results which may be relevant to the on-axis MINOS
experiment [28, 29] with baseline L = 735 km. In order to be specific, we focus on the
medium energy (ME) mode of MINOS with an average beam energy of approximately Eν =
7.5 GeV, but the results are qualitatively the same for the low-energy (LE) and high-energy
(HE) modes with Eν approximately equal to 3.75 GeV and 15 GeV, respectively. The
average energy Eν = 7.5 GeV corresponds to a length scale L ≈ 3720 km, according to
Eq. (4.3a) for ∆m231 = 2.5× 10−3 eV2.
The approximate probability for the simple model (3.1)–(3.6) is again given by Eq. (4.4).
Figure 4 shows the approximate probabilities and the full numerical results as thin broken
and thin solid curves, respectively, for model parameters l ≡ L/L = 735/3720 and Θ13 =
(0.3, 0.6, 0.9), which correspond to ∆b0 ≈ (1, 2, 3)× 10−13 eV, according to Eq. (4.3b) for
Eν = 7.5 GeV and ∆m
2
31 = 2.5×10−3 eV2. The results for the LE and HE modes of MINOS
are similar for x >∼ 1, because the asymptotic value P = 12 sin2(∆b0 L/2) is independent of
the beam energy (for corresponding probabilities in another model, see Fig. 7 in Ref. [15]).
Note that the standard mass-difference probability (4.5) at x = 1 is less than 1% for
l = 735/3720 and sin2(2θ13) = 0.2, which is just above the 90% CL limit (analysis A at
∆m2 = 2.5× 10−3 eV2) from CHOOZ [16]. This standard probability is shown as the heavy
solid curve in Fig. 4.
Figure 5 gives the resulting νe energy spectra for an initial µ–type spectrum (4.8). Again,
the results are qualitatively the same for the LE and HE energy-modes of MINOS, but the
expected event rates for the HE mode would be larger than for the ME mode and the
spectrum would also be somewhat broader.
To summarize, if MINOS in the ME mode is able to place an upper limit on the ap-
pearance probability P (νµ → νe) of the order of 5%, this would correspond to an upper
limit on |∆b(31)0 sin 2χ13| of the order of 2 × 10−13 eV (and a factor two better in the HE
mode). Moreover, any signal at the 5% level or more for x >∼ 1 would indicate nonstandard
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FIG. 4: Fixed-distance probabilities P (νµ → νe) at l ≡ L/L = 735/3720 vs. dimensionless
energy x ≡ Eν/Eν for the simple model (3.1)–(3.6) with both mass differences and Fermi-point
splittings. The thin broken curves are given by the analytic expression (4.4) with parameters
Θ13 = 0.3, 0.6, 0.9. The thin broken curves are only approximate for xΘ13 = O(1) and the
corresponding thin solid curves give the full numerical results. The heavy solid curve gives, for
comparison, the standard mass-difference probability (4.5) for sin2(2θ13) = 0.2 and l = 735/3720.
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FIG. 5: Electron–type neutrino energy spectra fe(x) at l ≡ L/L = 735/3720 from an initial muon–
type spectrum (4.8) at l = 0 and probabilities P (νµ → νe) of Fig. 4. The initial νµ spectrum
multiplied by a constant factor 0.25 is shown as the upper heavy solid curve. The νe spectra are
shown as the thin solid curves [approximate values as thin broken curves] for the simple model
with both mass differences (θ13 = 0) and Fermi-point splittings (see Fig. 4 for further details). The
lower heavy solid curve gives, for comparison, the νe spectrum from the standard mass-difference
mechanism with sin2(2θ13) = 0.2 and l = 735/3720.
(Fermi-point-splitting?) physics, since, as mentioned above, the standard mass-difference
probability can be expected to be at most 1%.
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V. CONCLUSION
In this article, we have considered a simple neutrino-oscillation model (3.1)–(3.6) with
both nonzero mass-square differences (m21 = m
2
2 6= m23) and timelike Fermi-point splittings
(b
(1)
0 = b
(2)
0 6= b(3)0 ), together with a combined bi-maximal and trimaximal mixing pattern. We
expect our basic conclusions to carry over to a more general model with, for example, nonzero
phases δ, ǫ, α, β, and all values of m2n and b
(n)
0 different. As mentioned in the Introduction,
the main goal of the present article has been to point out a possible energy dependence of
all neutrino-oscillation parameters (for three flavors: three mixing angles Θij and one phase
∆, in addition to the two eigenvalue differences ∆Eij).
Taking the θ13 angle of the mass-square matrix in the simple model to be 0 (or very small)
and the χ13 angle of the Fermi-point-splitting matrix to be π/4 (or very close to maximal), we
have calculated the energy-dependent effective mixing angle Θ13 for the νµ → νe appearance
probability. This probability P (νµ → νe) is approximately given by Eq. (3.8) and, near the
first oscillation maximum, by Eq. (4.4) for l ≡ L/L = 1 and Fig. 1. The resulting νe energy
spectra are shown in Figs. 2 and 3 for different initial νµ energy spectra. Similar results at
a smaller value of the dimensionless distance l have been presented in Figs. 4 and 5.
These results show that, even for a (simple) model with Fermi-point splittings hiding
behind mass differences, a value θ13 ≈ 0 would allow for a detection of |∆b(31)0 sin 2χ13| at
the level of 10−13 eV in a NOνA–type experiment. But, it is also possible that MINOS
can already place tight upper bounds on (or make the discovery of) Fermi-point splitting,
provided the backgrounds are under control.
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